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Outline

• Method choice
• Differential equations vs. Integral equations
• FDM vs. FEM
– Finite difference vs. Discontinuous Galerkin (in 2D)

• Time domain vs. Frequency domain
• Direct solver vs. Iterative solver
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Spectrum of geophysical methods
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Method choice
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frequency 
domain?

Equation 
form
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Maxwell’s equations
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DE vs. IE
Differential equations  Integral equations

Advantage

• Numerically stable
• Sparse symmetric Matrix
• Easy for coding
• Effective for  inhomogeneous 

dielectric systems
• Easy switch between time domain 

and frequency domain (Nyquist)
• Wide frequency range (FDTD)

• Efficient for problems with low surface‐
to‐volume ratios

• No ABC needed
• No grid dispersion error (Green 

function)
• Can use MLFMM technic
• Several billion unknowns
• High accuracy

Disadvantage

• ABC needed
• No accelerating algorithm
• Suite for electrically small dimensions
• Low accuracy
• Accumulated error

• Difficult to simulate non‐linearly 
(inhomogeneous) media

• Mainly used for metallic objects, 
dielectric structures, and radiation in 
free space

• Difficult for coding
• Dense matrix (Singular matrix)
• Only frequency domain
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• Difficult for coding
• Dense matrix (Singular matrix)
• Only frequency domain

The FDTD method is best suited for the EM simulation of wide frequency
band and applications using inhomogeneous materials.
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CEM solvers

PO/GO

UTD

MLFMM

MOM

FEM

FDTD

El
ec
tr
ic
al
 S
ize

Complexity of Materials

UTD: uniform theory of diffraction
PO: physical optics / GO: geometric optics
MLFMM: multilevel fast multipole method

MOM: methods of moments
FEM: finite‐element‐method

FDTD: finite‐difference time‐domain

boundary element method
(BEM)
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FDM vs. FEM
FDM FEM

Advantage

• Easy to understand and 
implement

• Flexibility for multi‐physics 
problem

• High‐order is feasible
• Explicit in time
• Direction can be exploited ‐

upwind

• Unstructured mesh (complex 
geometry)

• High accuracy
• higher order is straightforward in 

space (elements with variable size 
h, polynomial degree of the local 
approximations p)

Disadvantage • Structured (staggered) mesh
• Simple local approximation

• More memory requirement
• Additional numerical stabilization
• higher order in time is difficult 

(stability reasons)
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• Additional numerical stabilization
• higher order in time is difficult 

(stability reasons)

Generally speaking, the only advantage for FEM is the high
accuracy results (high order accuracy and unstructured mesh ).
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Is high‐order accuracy necessary?
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For a given accuracy       and a specific period of time     we have:p v

2m = order of the scheme
d = dimension of the problem
the number of points per wavelength

  2, mp
p

vp v 




The simulation goes to long time integration, high‐dimensional problems (3D) 
and memory restrictions becomes a bottleneck.

p p
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Lagrange Interpolant Basis Functions

hp‐FEM
 ,m n n nml r s 

N=3 N=5
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Advantage of DG
FVM FEM

Advantage

• Robust and fast due to locality
• Complex geometries
• Well suited for conservation laws
• Explicit in time

• High‐order accuracy and complex 
geometries can be combined

Disadvantage

• Inability to achieve high‐order on 
general grids due to extended 
stencils

• Grid smoothness requirements

• Implicit in time
• Not well suited for problems with 

direction
• Large memory needed (matrix for 

whole domain)
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• Implicit in time
• Not well suited for problems with 

direction
• Large memory needed (matrix for 

whole domain)

What we need is a scheme that combines:
• The local high‐order/flexible element of FEM
• The local statement on the equation for FVM
Discontinuous Galerkin Finite Element Method
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Advantage

• Robust and fast due to locality
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Complex 
geometries

High‐order 
accuracy and 
hp‐adaptivity

Explicit semi 
discrete form

Conservation 
laws

Elliptic
problems

FDM x √ √ √ √

FVM √ x √ √ (√)

FEM √ √ x (√) √

DG‐FEM √ √ √ √ (√)
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Accuracy dependency
• Assume the earth medium is a heterogeneous isotropic lossy continuum.
• For the given space–time discretization the accuracy of the numerical modelling 

depends on:
– accuracy in

• a heterogeneous medium (How much heterogeneity)
• a smoothly spatially varying medium (spatial variability of material parameters)

– accuracy at
• a material interface (geometry, continuity)
• a free surface (geometry, radiation pattern)

– accuracy of
• a grid boundary (transparency or symmetry)
• simulation of source (location, mechanism, time function)
• incorporation of attenuation (frequency dependence, spatial variability)
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• simulation of source (location, mechanism, time function)
• incorporation of attenuation (frequency dependence, spatial variability)

High‐order accuracy is necessary for geophysics!
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FD

A cross‐validation of FDFD and FDTD simulation for a crosshole GPR setup (TE mode). (a) The frequency‐
domain numerical wavefield. The dashed black line indicates the interface between simulation domain and
PML. (b) Comparisons of the radargrams between FDTD results and inverse Fourier transformed FDFD
results.
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FD

A cross‐validation of FDFD
and FDTD simulation for a
on‐ground GPR setup (TM
mode). (a) The frequency‐
domain numerical wavefield.
The dashed red line indicates
the interface between free
air and the Earth surface.
The dashed gray line
indicates the depth of the
layer. The dashed black line
indicates the interface of
PML. (b) Comparison of the
radargrams between FDTD
results and inverse Fourier
transformed FDFD results for
the one‐layer synthetic
model.
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ê 0

x

x

x

y

y

y

z

z

z

























 
    
 
 
    
 
 
    
 

C
A

C

C
A

C

C
A

C

J
 0

s

j
 

  
 

D
B

u  
  
 

 
0

C 0
0

z y

z x

y x

r r
r r r

r r

 
 

  
  

Maxwell

where

2016/7/26 21



DG
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Time domain vs. Frequency domain
Time‐domain Frequency‐domain

Advantage

• Intuitional (follow the GPR 
measurement signal)

• Flexibility in the data processing
• Parallel fashion by source points

• Benefit from the capability of 
direct solvers (multiple sources)

• take benefit  of the data 
redundancy (not the case of GPR)

• Better for dealing with dispersive 
materials

• Removal of time dependence
• Parallel fashion by frequency

Disadvantage

• More and more frequency‐
domain measurements

• Hard vs. soft sources
• The order of the time‐derivative
• Hard to achieve the near‐to‐far 

field transformation
• Accumulated error (time step)

• Not efficient (3D problem)
• Very little flexibility in the data 

processing
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Prerequisite: the electromagnetic equations are linear.



Direct solver vs. Iterative solver
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Direct solvers Iterative solvers

• For sparse matrix
• Intuitional
• Easy coding
• Very robust

• Work grows as ܱ ܰଵାమ ೏షభ
೏ , i.e.,

• ܱ ܰଶ in 2D
• ܱ ܰ଻/ଷ in 3D

• Memory grows as  ܱ ܰଵା ೏షభ
೏ , i.e.,

• ܱ ܰଷ/ଶ in 2D
• ܱ ܰହ/ଷ in 3D

• For dense matrix
• Efficiency
• Can solve very large problems
• Depending on solver and 

preconditioner type
• Work can be ܱ ܰ
• Memory is typically linear, ܱ ܰ
• The final guess does not solve Ax=b

exactly



Iterative solver
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Relative residual error 
= 8.811031e‐07

Iteration number 
= 396



Direct solver
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Direct solver
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1s faster !



Direct solvers
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Iterative solvers
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http://www.netlib.org/utk/people/JackDongarra/la‐sw.html



Ignored details

• explicit/implicit form
• upwind/central (difference/flux)
• weak/strong formulation
• nodal/modal basic function
• noise
• pre‐/post‐process of the data
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Thanks for your attention!
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Notes

• First to do: analyze the stability and grid dispersion.
• Best validation: compare with analytic results.
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